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ABSTRACT
The aim of this paper is to rewrite the Fokker - Planck equation according to trans-
formation of space coordinates. This is nontrivial problem, because transformation of
space coordinates induces transformation of velocities. We can use covariant, contravari-
ant or physical velocity components as independent variables in curvilinear coordinate
system. These 3 possibilities are considered in this paper and 3 kinds of Fokker - Planck
equation in curvilinear coordinates are formulated.
INTRODUCTION
Fokker - Planck equation in natural variables is
∂n
∂t + ux
∂n
∂x + uy
∂n
∂y + uz
∂n
∂z − α

∂
∂ux
(nux) +
∂
∂uy
(nuy) +
∂
∂uz
(nuz) = k 
∂2n
∂u2x
+
∂2n
∂u2y
+
∂2n
∂u2z
. (1)
where natural variables are defined as
x, y, z - Carthesian coordinates;
ux,uy,uz - velocities.
We shall use index notation.
Index notation for natural variables is:
y1 = x, y2 = y, y3 = z.
u1 = ux , u
2
= uy, u
3
= uz .
Using this notation, we can write the equation (1) in the form
∂n
∂t + u
i ∂n
∂yi − α u
i ∂n
∂ui − 3α n = k
∂
∂ui

∂n
∂ui
. (2)
We shall consider natural variables yi, ui as functions of curvilinear coordinates xi and corresponding
velocities vi . The rule (see [1]) for calculation of velocities components for curvilinear coordinates is
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vi =
∂xi
∂yk u
k
. (3)
where vi - contravariant components of velocity vector, and
vi =
∂yk
∂xi u
k (4)
where vi - covariant components of velocity vector.
We use usual summation convention: indices that occur twice are considered to be summed over. To
prevent summation we underline indices.
The covariant components of metric tensor are by definition
gmn =
∂yi
∂xm
∂yi
∂xn . (5)
The contravariant components of metric tensor are by definition
gmn =
∂xm
∂yi
∂xn
∂yi . (6)
Christoffel’s symbol is called
Γp,mn =
1
2

∂gnp
∂xm +
∂g pm
∂xn −
∂gmn
∂x p
. (7)
and
Γpmn = g pqΓq,mn . (8)
Using these definitions, we can write second derivatives of curvilinear coordinates in the following
form:
∂2 xr
∂yk∂yl = −
∂xs
∂yk
∂x t
∂yl Γ
r
st , (9)
and second derivatives of Cartesian coordinates - in the form
∂2 yi
∂xm∂xn =
∂yi
∂xq Γ
q
mn. (10)
In curvilinear coordinates we can choose between covariant and contravariant velocity components as
independent variables. There is the third possibility for orthogonal coordinates - physical components of
velocities.
1. Contravariant components of velocities
Expanding expression for the n derivatives, we have
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∂n
∂yi =
∂n
∂xk
∂xk
∂yi +
∂n
∂vk
∂vk
∂yi . (11)
∂n
∂ui =
∂n
∂xk
∂xk
∂ui +
∂n
∂vk
∂vk
∂ui . (12)
if we choose contravariant velocity components as independent variables.
∂vk
∂yi =
∂
∂yi
um
∂xk
∂ym
 = um
∂2 xk
∂ym∂yi = −u
m ∂xs
∂ym
∂x t
∂yi Γ
k
st ; (13)
∂vk
∂ui =
∂
∂ui
um
∂xk
∂ym
 =
∂xk
∂yi ; (14)
because
∂xk
∂ui = 0.
.PP Hence, we have following expressions for n derivatives
∂n
∂yi =
∂n
∂xk
∂xk
∂yi −
∂n
∂vk u
m ∂xs
∂ym
∂x t
∂yi Γ
k
st =
∂xk
∂yi

∂n
∂xk −
∂n
∂vt u
m ∂xs
∂ym Γ
t
sk
, (15)
∂n
∂ui =
∂n
∂vk
∂xk
∂yi , (16)
if we choose contravariant velocity components as primary variables.
Substituting (15-16) for &n& derivatives in equation (2), we obtain
∂n
∂t + u
i ∂xk
∂yi

∂n
∂xk −
∂n
∂vt u
m ∂xs
∂ym Γ
t
sk
 − α ui
∂n
∂vk
∂xk
∂yi − 3 α n = k
∂x l
∂yi
∂
∂vl

∂xk
∂yi
∂n
∂vk
. (17)
∂n
∂t + v
k ∂n
∂xk − v
k ∂n
∂vt v
sΓtsk − α vk
∂n
∂vk − 3 α n = k
∂x l
∂yi
∂xk
∂yi
∂2n
∂vl∂vk . (18)
Finally, equation (2) in curvilinear coordinates and with contravariant velocities as independent vari-
ables, is
∂n
∂t + v
k ∂n
∂xk − Γ
k
pqv
pvq
∂n
∂vk − α v
k ∂n
∂vk − 3 α n = k g
lk ∂2n
∂vl∂vk . (19)
2. Covariant components of velocities
Expanding expression for the n derivatives, we have
∂n
∂yi =
∂n
∂xk
∂xk
∂yi +
∂n
∂vk
∂vk
∂yi . (20)
∂n
∂ui =
∂n
∂xk
∂xk
∂ui +
∂n
∂vk
∂vk
∂ui . (21)
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if we choose covariant velocity components as primary variables.
∂vk
∂yi =
∂
∂yi
um
∂ym
∂xk
 = um
∂2 ym
∂xk∂x l
∂x l
∂yi = u
m ∂ym
∂xq Γ
q
kl
∂x l
∂yi = vqΓ
q
kl
∂x l
∂yi ; (22)
∂vk
∂ui =
∂
∂ui
um
∂ym
∂xk
 =
∂yi
∂xk . (23)
because
∂xk
∂ui = 0.
Hence, we have the following expressions for n derivatives
∂n
∂yi =
∂n
∂xk
∂xk
∂yi +
∂n
∂vk
vqΓ
q
kl
∂x l
∂yi =
∂xk
∂yi

∂n
∂xk +
∂n
∂vl
vqΓ
q
lk
, (24)
∂n
∂ui =
∂n
∂vk
∂yi
∂xk (25)
if we choose covariant velocity components as primary variables.
Substituting (24-25) for n derivatives in equation (2), we obtain
∂n
∂t + u
i ∂xk
∂yi

∂n
∂xk +
∂n
∂vl
vqΓ
q
lk
 − α ui
∂n
∂vk
∂yi
∂xk − 3 α n = k
∂yi
∂x l
∂
∂vl

∂yi
∂xk
∂n
∂vk
. (26)
∂n
∂t + vs g
sk ∂n
∂xk + vs g
sk ∂n
∂vl
vqΓ
q
lk − α vk
∂n
∂vk
− 3 α n = k
∂yi
∂x l
∂yi
∂xk
∂2n
∂vl∂vk
. (27)
Finally, equation (2) in curvilinear coordinates and with covariant velocities as independent variables,
is
∂n
∂t + g
mk vm
∂n
∂xk + Γ
q
kl g
pl v pvq
∂n
∂vk
− α vk
∂n
∂vk
− 3 α n = k glk
∂2n
∂vl∂vk
. (28)
3. Orthogonal coordinates
In orthogonal coordinates components of metric tensor have the following properties:
gmn = gmn = 0; (m ≠ n); (29)
gii = (Hi)2; (30)
gii =
1
(Hi)2
; (31)
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where H i - Lame coefficients.
Here and after we do not sum on underlined symbols (e.g. i).
The expressions for Christoffel symbols in orthogonal coordinates are
Γk ,ij = 0; (i ≠ j ≠ k). (32)
Γi ,i j = Hi
∂Hi
∂x j ; (i ≠ j). (33)
Γ j ,ii = −Hi
∂Hi
∂x j ; (i ≠ j). (34)
Γi ,ii = Hi
∂Hi
∂xi . (35)
Γkij = 0; (i ≠ j ≠ k). (36)
Γii j =
1
Hi
∂Hi
∂x j ; (i ≠ j). (37)
Γ jii = −
Hi
(H j)2
∂Hi
∂x j ; (i ≠ j). (38)
Γiii =
1
Hi
∂Hi
∂xi . (39)
Let us denote by wi physical components of velocity vector
wi = Hivi =
vi
Hi
. (40)
wi = Hi
∂xi
∂yk u
k
=
1
Hi
∂yk
∂xi u
k
. (41)
Expanding expression for the n derivatives, we have
∂n
∂yi =
∂n
∂xk
∂xk
∂yi +
∂n
∂wk
∂wk
∂yi . (42)
∂n
∂ui =
∂n
∂xk
∂xk
∂ui +
∂n
∂wk
∂wk
∂ui . (43)
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if we choose physical velocity components as independent variables.
∂wk
∂yi =
∂
∂yi
Hk
∂xk
∂ym u
m = umHk
∂2 xk
∂ym∂yi +
∂Hk
∂yi
∂xk
∂ym
; (44)
∂wk
∂ui =
∂
∂ui
Hk
∂xk
∂ym u
m = Hk
∂xk
∂yi ; (45)
because
∂xk
∂ui = 0.
Let us simplify the expression in parenthesis in (44)
Hk
∂2 xk
∂ym∂yi +
∂Hk
∂yi
∂xk
∂ym = −Hk
∂xs
∂ym
∂x t
∂yi Γ
k
st +
∂Hk
∂x p
∂x p
∂yi
∂xk
∂ym . (46)
Hk
∂2 xk
∂ym∂yi +
∂Hk
∂yi
∂xk
∂ym = −Hk
∂xs
∂ym
∂x t
∂yi Γ
k
st + HkΓ
k
k p
∂x p
∂yi
∂xk
∂ym . (47)
Hk
∂2 xk
∂ym∂yi +
∂Hk
∂yi
∂xk
∂ym = −Hk
∂x p
∂yi

∂xs
∂ym Γ
k
sp − Γ
k
k p
∂xk
∂ym
. (48)
If s = k we can cancel first two terms in parenthesis in (48)
Hk
∂2 xk
∂ym∂yi +
∂Hk
∂yi
∂xk
∂ym = −Hk
∂x p
∂yi
∂xs
∂ym Γ
k
sp. (s ≠ k) (49)
The situation is not quite usual, so small comment is needed. (49) means, that index k as usual takes
values 1, 2, 3. Index s for each given k takes values from the set 1, 2, 3 - except k. We sum values of the
expression, calculated for these values of indices k and s.
Proceeding with our calculations, we note, that in (49) must be p = k or p = s - else Γksp = 0. So we
have
Hk
∂2 xk
∂ym∂yi +
∂Hk
∂yi
∂xk
∂ym = −Hk
∂xk
∂yi
∂xs
∂ym Γ
k
sk − Hk
∂xs
∂yi
∂xs
∂ym Γ
k
ss = (50)
= −Hk
∂xk
∂yi
∂xs
∂ym
1
Hk
∂Hk
∂xs + Hk
∂xs
∂yi
∂xs
∂ym
Hs
(Hk)2
∂Hs
∂xk =
=
∂xs
∂ym

∂xs
∂yi
Hs
Hk
∂Hs
∂xk −
∂xk
∂yi
∂Hk
∂xs
. (s ≠ k)
and this is the desired form of expression in parenthesis in (44).
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So the expression for derivatives of velocities physical components has the form
∂wk
∂yi =
ws
Hs

∂xs
∂yi
Hs
Hk
∂Hs
∂xk −
∂xk
∂yi
∂Hk
∂xs
. (s ≠ k) (51)
Combining (51) with (42-43), we get:
∂n
∂yi =
∂n
∂xk
∂xk
∂yi +
∂n
∂wk
ws
Hs

∂xs
∂yi
Hs
Hk
∂Hs
∂xk −
∂xk
∂yi
∂Hk
∂xs
. (s ≠ k) (52)
∂n
∂ui = Hk
∂n
∂wk
∂xk
∂yi . (53)
These are the expressions for n derivatives if we choose physical velocity components as independent vari-
ables.
Substituting (52-53) for &n& derivatives in equation (2), we obtain (s ≠ k)
∂n
∂t + u
i ∂xk
∂yi
∂n
∂xk + u
i ∂n
∂wk
ws
Hs

∂xs
∂yi
Hs
Hk
∂Hs
∂xk −
∂xk
∂yi
∂Hk
∂xs
 − α ui Hk
∂n
∂wk
∂xk
∂yi − 3 α n = k Hl
∂x l
∂yi
∂
∂wl
Hk
∂xk
∂yi
∂n
∂wk
.(54)
Finally, equation (2) in curvilinear coordinates and with physical velocities as independent variables,
is
∂n
∂t +
wk
Hk
∂n
∂xk +
∂n
∂wk
ws
Hs Hk
ws
∂Hs
∂xk − w
k ∂Hk
∂xs
 − α wk
∂n
∂wk − 3 α n = k
∂2n
∂wi∂wi . (s ≠ k) (55)
4. Cross checking of equations
Equations (19), (28), (55) were obtained from the single source - Fokker - Planck equation (1) for
Carthesian coordinates. It is interesting to show, that each of them can be obtained from the others.
To get one equation from another we perform linear substitution on velocities, space variables remain
without changes. Derivatives of n on velocities are subject to corresponding linear substitution. It is easy
to show that terms with derivatives of n on velocities in equations (19), (28), (55) are consistent.
For example, let us check the correspondence of terms with the second derivatives on velocities in
(19) and (28). We are to prove that
glk
∂2n
∂vl∂vk = glk
∂2n
∂vl∂vk
. (56)
But
∂n
∂vl =
∂n
∂vk
∂vk
∂vl =
∂n
∂vk
gkl ; (57)
therefore
glk
∂2n
∂vl∂vk = g
lk ∂2n
∂vm∂vn
gml gnl = gmn
∂2n
∂vm∂vn
(58)
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this ends the proof.
It is equally easy to check consistency of terms vk
∂n
∂vk .
It is more interesting to show the identity of terms, produced by ui
∂n
∂yi term in (1). For the brevity
sake we drop contravariant velocity multiplier before parenthesis and check the equality (compare with (17)
and (26))

∂n
∂xk

vα
−
∂n
∂vt v
sΓtsk =

∂n
∂xk

vα
+
∂n
∂vl
vqΓ
q
lk . (59)
But

∂n
∂xk

vα
=

∂n
∂xk

vα
+
∂n
∂v p
∂g pm
∂xk v
m
. (60)
Combine (60) with (59) and get
∂n
∂v p
∂g pm
∂xk v
m
−
∂n
∂v p g pt v
sΓtsk =
∂n
∂vl
vqΓq,kl , (61)
or
∂n
∂v p
vm
∂g pm
∂xk =
∂n
∂v p
vmΓp,mk +
∂n
∂v p
vmΓm,pk . (62)
Identity
∂g pm
∂xk = Γp,mk +Γm,pk follows directly from definition of Christoffel’s symbols (7).
Let us check correspondence of ui
∂n
∂yi terms in (19) and (55). We check the equality (compare with
(17) and (54))
vk

∂n
∂xk

vα
−
∂n
∂vt v
pΓtpk
 =
wk
Hk

∂n
∂xk

wα
+
∂n
∂wk
ws
Hs Hk
ws
∂Hs
∂xk − w
k ∂Hk
∂xs
. (s ≠ k) (63)
But

∂n
∂xk

vα
=

∂n
∂xk

wα
+
∂n
∂w p
∂H p
∂xk v
p
. (64)
Combine (64) with (63) and get
vk

∂n
∂w p
∂H p
∂xk v
p
− Ht
∂n
∂wt v
pΓtpk
 =
∂n
∂wk
ws
Hs Hk
ws
∂Hs
∂xk − w
k ∂Hk
∂xs
. (s ≠ k) (65)
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or
∂n
∂w p v
k
∂H p
∂xk v
p
− H pvtΓ
p
tk
 =
∂n
∂wk
vs
Hk
Hsvs
∂Hs
∂xk − Hk v
k ∂Hk
∂xs
. (s ≠ k) (66)
We drop multiplier
∂n
∂w p - this makes index p in the rest of the expression underlined.
vk

∂H p
∂xk v
p
− H pvtΓ
p
tk
 =
vs
H p
Hsvs
∂Hs
∂x p − H pv
p ∂H p
∂xs
. (s ≠ p) (67)
Let us consider index t in the second term of the left part. When it is equal to p we can cancel two
first terms, so we have
−vk H pvtΓ
p
tk =
vs
H p
Hsvs
∂Hs
∂x p − H pv
p ∂H p
∂xs
. (s ≠ p) and (t ≠ p) (68)
In this case must be k = t or k = p - else Γptk is zero
−vt H pvtΓ
p
tt − v
p H pvtΓ
p
t p =
vs
H p
Hsvs
∂Hs
∂x p − H pv
p ∂H p
∂xs
. (s ≠ p) and (t ≠ p) (69)
This follows directly from the definition of Christoffel’s symbols (37-38).
This proves, that equations (19), (28), (55) follows one from another,. they need not to be the
sequence of one equation (1) for the Carthesian coordinates. They are valid for curved manifold, where
neither Cartesian coordinate system exists no equation (1). So they can be considered as generalization of
Fokker - Planck equation (1). The manifold must be Riemannian, because Christoffel’s symbols must sat-
isfy (7).
5. Spherical coordinates
To giv e an example, we perform calculations for the case of spherical coordinates. Properties of
spherical coordinates are as follows:
x = r sin(θ ) cos(φ ); y = r sin(θ ) sin(φ ); z = r cos(θ ). (70)
x1 = r; x2 = θ ; x3 = φ . (71)
g11 = 1; g22 = r2; g33 = r2 sin2(θ ). (72)
g12 = g23 = g31 = g21 = g32 = g13 = 0. (73)
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g11 = 1; g22 =
1
r2
; g33 =
1
r2 sin2(θ ) . (74)
g12 = g23 = g31 = g21 = g32 = g13 = 0. (75)
H1 = 1; H2 = r; H3 = r sin(θ ). (76)
Γ1,22 = −r; Γ2,12 = Γ2,21 = r; (77)
Γ1,33 = −r sin2(θ ); Γ3,13 = Γ3,31 = r sin2(θ ); (78)
Γ2,33 = −r2 sin(θ ) cos(θ ); Γ3,23 = Γ3,32 = r2 sin(θ ) cos(θ ). (79)
Γ122 = −r; Γ212 = Γ221 =
1
r;
(80)
Γ133 = −r sin2(θ ); Γ313 = Γ331 =
1
r
; (81)
Γ233 = − sin(θ ) cos(θ ); Γ323 = Γ332 =
cos(θ )
sin(θ ) . (82)
Substituting (70-82) in (19), (28) and (55), we obtain 3 kinds of Fokker - Planck equation for the case
of spherical coordinates.
The equation (19) in spherical coordinates has the form:
∂n
∂t + v
1 ∂n
∂r + v
2 ∂n
∂θ + v
3 ∂n
∂φ + (83)
+r
v2v2 + sin2(θ )v3v3
∂n
∂v1 +
sin(θ ) cos(θ )v3v3 −
2
r
v1v2

∂n
∂v2 − 2
v1v3 +
cos(θ )
sin(θ ) v
2v3

∂n
∂v3 −
−α
v1
∂n
∂v1 + v
2 ∂n
∂v2 + v
3 ∂n
∂v3
 − 3 α n = k 
∂2n
∂v1∂v1 +
1
r2
∂2n
∂v2∂v2 +
1
r2 sin2(θ )
∂2n
∂v3∂v3
.
The equation (28) in spherical coordinates has the form:
∂n
∂t + v1
∂n
∂r +
v2
r2
∂n
∂θ +
v3
r2 sin2(θ )
∂n
∂φ − (84)
+
1
r3
v2v2 +
v3v3
sin2(θ )

∂n
∂v1
+
cos(θ )v3v3
r2 sin3(θ )
∂n
∂v2
−
−α
v1
∂n
∂v1
+ v2
∂n
∂v2
+ v3
∂n
∂v3
 − 3 α n = k 
∂2n
∂v1∂v1
+ r2
∂2n
∂v2∂v2
+ r2 sin2(θ ) ∂
2n
∂v3∂v3
.
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The equation (55) in spherical coordinates has the form:
∂n
∂t + w
1 ∂n
∂r +
w2
r
∂n
∂θ +
w3
r sin(θ )
∂n
∂φ + (85)
+
1
r
w2w2 + w3w3
∂n
∂w1 +
1
r

cos(θ )
sin(θ ) w
3w3 − w1w2

∂n
∂w2 −
1
r
w1w3 +
cos(θ )
sin(θ ) w
2w3

∂n
∂w3 −
− α
w1
∂n
∂w1 + w
2 ∂n
∂w2 + w
3 ∂n
∂w3
 − 3 α n = k 
∂2n
∂w1∂w1 +
∂2n
∂w2∂w2 +
∂2n
∂w3∂w3
.
DISCUSSION
Present work is of rather technical kind. Its main result are three kinds of Fokker - Planck equations in
curvilinear coordinates (19), (28), (55).
Some conclusions:
1. We emphasize that (19), (28), (55) are valid not only as simple transcription of equation (1) for
curvilinear coordinates. They are also valid for curved Riemannian manifold - where no Cartesian coordi-
nates system exist. So they can be considered as generalization of simple Fokker - Planck equation.
2. We see, that in curvilinear coordinates the left side of the equation is quadratic form of velocities
(in Cartesian coordinates it was linear form). This gives the possibility to perform the Fourier transform.
Fourier transform of the equation is linear PDE of second order. In Cartesian coordinates it was linear PDE
of first order and we get closed form solution by characteristics method [2]. We see from (19), (28), (55),
that this is possible only for Cartesian coordinates.
3. Possible applications of results of this paper are solution of Fokker - Planck equation by means of
separation of variables method and formulation of boundary conditions on coordinate surfaces. We hope to
give examples of these in following articles.
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